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In 1864, J.C. Maxwell formulated a necessary counting condition for a bar-joint frame-
work to be (inﬁnitesimally) rigid in (Rd, ‖ · ‖2) [10]. Building on Maxwell’s observation, 
G. Laman established the ﬁrst combinatorial characterisation of rigid bar-joint frame-
works which are generically placed in the Euclidean plane in 1970, thereby launching the 
ﬁeld of combinatorial rigidity [8]. Several further equivalent characterisations of generic 
rigid bar-joint frameworks in (R2, ‖ · ‖2) have been established since then (see [9,18], 
for example). A fundamental tool for proving these results is the rigidity matrix, whose 
rank, row dependencies and column dependencies completely describe the inﬁnitesimal 
rigidity properties of a framework. Combinatorial characterisations of generic rigid bar-
joint frameworks in higher dimensions have not yet been found. However, there exist 
signiﬁcant partial results for the special classes of body-bar, body-hinge, and molecular 
frameworks [20]. Over the last few years, a range of tools and methods have been de-
veloped for analysing the impact of symmetry on the rigidity properties of frameworks 
in Euclidean d-space (see e.g. [2,3,5,11,14,17]). In particular, in [3] Fowler and Guest 
derived new necessary conditions for a symmetric bar-joint framework to be isostatic 
(i.e., minimally inﬁnitesimally rigid) in (Rd, ‖ · ‖2), and it was shown in [2] that these 
conditions can be stated in a very simple form in terms of the number of structural 
components that are ﬁxed by various symmetry operations of the framework (see also 
[4,16] for extensions of these results to body-bar and body-hinge frameworks). The fun-
damental underlying result is that the rigidity matrix of a symmetric framework can 
be transformed into a block-decomposed form using methods from group representation 
theory [5,13]. For the symmetry groups of order 2 and 3, it was shown in [14,15] that 
Laman’s conditions, together with the added conditions on the number of ﬁxed struc-
tural components, are also suﬃcient for a bar-joint framework which is symmetry-generic 
(i.e., as generic as possible subject to the given symmetry constraints) to be isostatic 
in the Euclidean plane. However, the analogous questions for the remaining symmetry 
groups which allow isostatic frameworks in R2 remain open.
Very recent work has considered the inﬁnitesimal rigidity of bar-joint frameworks in 
some non-Euclidean normed spaces. Speciﬁcally, for the q norms, 1 ≤ q ≤ ∞, q = 2, and 
for the polyhedral norms, analogues of Laman’s theorem were established in [7] and [6]. 
This new line of research aims to provide a ﬁrm theoretical foundation on which applied 
researchers may seek to bridge some of the existing applications of both non-Euclidean 
norms and techniques from rigidity theory in ﬁelds such as data analysis and network 
localisation. In this paper, we consider the inﬁnitesimal rigidity properties of bar-joint 
frameworks in an arbitrary ﬁnite dimensional real normed vector space (also referred 
to in the literature as a Minkowski space [19]). In particular, in Section 2 we introduce 
a rigidity matrix and, using this new matrix, we derive Maxwell–Laman-type counting 
conditions which are necessary for a bar-joint framework to be inﬁnitesimally rigid. In 
Section 3 we extend the results in [2,3] and derive new necessary criteria for a bar-joint 
framework (G, p) with a non-trivial point group Γ in a general Minkowski space to be 
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matrix of (G, p) intertwines representations of Γ associated with the edges and vertices 
of G (also known as the ‘internal’ and ‘external’ representation in the engineering com-
munity [3,5]). Subsequently, in Section 4, we follow the approach of Connelly et al. in 
[2] to derive a complete list of the necessary counting conditions for symmetric isostatic 
bar-joint frameworks in 2- or 3-dimensional normed spaces for which the group of linear 
isometries is ﬁnite. As in the Euclidean case, these conditions are in terms of counts for 
the number of vertices and edges that are ﬁxed by various symmetry operations. Analo-
gous necessary conditions for isostaticity can also be obtained for symmetric frameworks 
in higher dimensions, and we provide a sample of those in Section 4 as well. Finally, in 
Section 5, we provide a number of observations and conjectures regarding both neces-
sary and suﬃcient conditions for the existence of a (symmetric) well-positioned isostatic 
bar-joint framework in 2-dimensional normed spaces. In particular, we oﬀer Laman-type 
conjectures for all possible symmetry groups for polyhedral norms ‖ · ‖P on R2, where 
the unit ball P is a quadrilateral.
2. Maxwell counts for inﬁnitesimally rigid frameworks with general norms
Let X be a ﬁnite dimensional real vector space. A bar-joint framework in X is a pair 
(G, p) consisting of a ﬁnite simple graph G and a point p = (p(v))v∈V ∈ X |V | with the 
property that the components p(v) are distinct points in X. Here V denotes the vertex 
set of G. The edge set of G is denoted by E.
2.1. The rigidity matrix in general normed spaces
Let ‖ · ‖ be a norm on X and denote by S the unit sphere, S = {x ∈ X : ‖x‖ = 1}. 
Recall that the norm is said to be smooth at a point x0 ∈ S if there exists exactly one 
supporting hyperplane for S at x0. Equivalently, there exists a unique linear functional 
f ∈ X∗ (called a support functional for x0) such that |f(x)| ≤ 1 for all x ∈ S and 
f(x0) = 1. Note that in this case the norm is also smooth at −x0 with unique support 
functional −f . For each pair x0, y ∈ X deﬁne,
ψ−(x0; y) := lim
t→0−
1
t
(‖x0 + ty‖ − ‖x0‖) , ψ+(x0; y) := lim
t→0+
1
t
(‖x0 + ty‖ − ‖x0‖) .
As the norm is necessarily a convex function both of these one-sided limits exist. 
Moreover, if x0 ∈ S and f is a support functional for x0 then ψ−(x0; y) ≤ f(y) ≤
ψ+(x0; y) for all y ∈ X. Deﬁne ψ(x0; y) to be the two-sided limit ψ(x0; y) :=
limt→0 1t (‖x0 + ty‖ − ‖x0‖), if this limit exists. We require the following well-known 
fact and include a proof for the readers convenience (see also [12] for example).
Lemma 1. Let x0 ∈ S. Then the norm is smooth at x0 if and only if ψ(x0; y) exists for 
all y ∈ X.
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some y0 ∈ X. By an application of the Hahn–Banach theorem, for each λ ∈ R with 
ψ−(x0; y0) < λ < ψ+(x0; y0) the mapping hλ : Ry0 → R, hλ(ty0) = tλ extends to a 
linear functional hλ ∈ X∗ such that ψ−(x0; y) ≤ hλ(y) ≤ ψ+(x0; y) for all y ∈ X. Here 
we use the fact that ψ+(x0; ·) is a sublinear function and ψ−(x0; y) = −ψ+(x0; −y) for 
all y ∈ X. It follows that hλ is a support functional for x0. However, this contradicts the 
uniqueness of the support functional at x0 and so ψ(x0; y) must exist for all y ∈ X. Con-
versely, if ψ(x0; y) exists for all y ∈ X then it follows from the sublinearity of ψ+(x0; ·)
and the identity ψ−(x0; y) = −ψ+(x0; −y) that the map f(y) = ψ(x0; y) is a linear 
functional on X. Moreover, f is a support functional for x0 and, since every support 
functional g for x0 must satisfy ψ−(x0; y) ≤ g(y) ≤ ψ+(x0; y) for all y ∈ X, the support 
functional f must be unique. Thus the norm is smooth at x0. 
Deﬁnition 2. Let (G, p) be a bar-joint framework in X and let ‖ · ‖ be a norm on X.
(i) An edge vw of G is said to be well-positioned (for the placement p and norm ‖ · ‖) 
if the norm is smooth at pv−pw‖pv−pw‖ .
(ii) The bar-joint framework (G, p) is said to be well-positioned in (X, ‖ · ‖) if every edge 
of G is well-positioned.
Given a well-positioned edge e = vw in G, the unique support functional for pv−pw‖pv−pw‖
is denoted ϕv,w. Note that ϕv,w = −ϕw,v and from the proof of Lemma 1,
ϕv,w(y) = ψ
(
pv − pw
‖pv − pw‖ ; y
)
= ψ (pv − pw; y) , (1)
for all y ∈ X.
Deﬁnition 3. The rigidity matrix for a well-positioned bar-joint framework (G, p) is an 
|E| × |V | matrix R(G, p) with entries in the dual space X∗ given by,
a(e,v) =
{
ϕv,w if e = vw for some vertex w,
0 otherwise,
for all (e, v) ∈ E × V .
The rigidity matrix R(G, p) may be viewed as a linear map from X |V | → R|E| given 
by the formula
(uv)v∈V →
(∑
v∈V
a(e,v)(uv)
)
e∈E
= (ϕv,w(uv − uw) )vw∈E . (2)
D. Kitson, B. Schulze / Linear Algebra and its Applications 481 (2015) 313–329 317Remark 4. In computations it is sometimes more natural to deﬁne the entries of the 
rigidity matrix to be the support functionals for pv − pw rather than for the normalised 
vectors pv−pw‖pv−pw‖ . This is common practice in the case of the Euclidean norm and is also 
the approach taken in [7] for the smooth p norms. In [6] the above formulation of the 
rigidity matrix is used in the context of polyhedral norms. The approach taken here 
means that the rigidity matrix coincides with the diﬀerential of the rigidity map which 
we now introduce.
Deﬁnition 5. Let G be a simple graph and let ‖ · ‖ be a norm on X. The rigidity map for 
G is the mapping
fG : X |V | → R|E|, x = (xv)v∈V → (‖xv − xw‖)vw∈E .
Proposition 6. A bar-joint framework (G, p) is well-positioned in (X, ‖ · ‖) if and only if 
the rigidity map fG is diﬀerentiable at p. Moreover, in this case dfG(p) = R(G, p).
Proof. If (G, p) is well-positioned then, by Formula (1), for each u = (uv)v∈V ∈ X |V |
the directional derivative of fG at p in the direction of u exists and satisﬁes,
DufG(p) := lim
t→0
fG(p + tu) − fG(p)
t
= (ψ(pv − pw; uv − uw) )vw∈E
= (ϕv,w(uv − uw) )vw∈E .
Thus by Formula (2), DufG(p) = R(G, p)u. In particular, the map u → DufG(p) is 
linear and, since fG is convex, it follows that fG is diﬀerentiable at p with diﬀerential 
dfG(p) satisfying,
dfG(p)u = DufG(p) = R(G, p)u, for all u ∈ X |V |. (3)
Conversely, if the rigidity map fG is diﬀerentiable at p then the directional derivative 
DufG(p) exists for all u ∈ X |V |. Hence if vw ∈ E is an edge of G then ψ(pv − pw; y)
exists for all y ∈ X and so, by Lemma 1, the norm is smooth at pv−pw‖pv−pw‖ . We conclude 
that (G, p) is well-positioned in (X, ‖ · ‖). 
Remark 7. If ‖ · ‖ is a smooth norm (such as the Euclidean norm on Rd or, more 
generally, an p norm on Rd with p ∈ (1, ∞)) then all bar-joint frameworks in (X, ‖ · ‖)
are well-positioned. If ‖ · ‖ is a polyhedral norm then (G, p) is well-positioned if and only 
if pv − pw is contained in the interior of the conical hull of some facet of the unit ball, 
for each edge vw ∈ E.
Deﬁnition 8. Let (G, p) be a bar-joint framework in (X, ‖ · ‖). An inﬁnitesimal ﬂex of 
(G, p) is an element u ∈ X |V | which satisﬁes DufG(p) = 0.
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it is clear that if (G, p) is well-positioned then F(G, p) = kerR(G, p).
Deﬁnition 9. A rigid motion of (X, ‖ · ‖) is a family of continuous maps
αx : [−1, 1] → X, x ∈ X,
such that αx(t) is diﬀerentiable at t = 0 with αx(0) = x and ‖αx(t) − αy(t)‖ = ‖x − y‖
for all pairs x, y ∈ X and all t ∈ [−1, 1].
If {αx : x ∈ X} is a rigid motion of (X, ‖ · ‖) then (α′p(v)(0))v∈V ∈ X |V | is an 
inﬁnitesimal ﬂex of (G, p) (see [7, Lemma 2.1]). We regard such inﬁnitesimal ﬂexes as 
trivial and denote by T (G, p) the collection of all trivial inﬁnitesimal ﬂexes of (G, p). If 
every inﬁnitesimal ﬂex of (G, p) is trivial then we say that (G, p) is inﬁnitesimally rigid. 
If (G, p) is inﬁnitesimally rigid and the removal of any edge results in a framework which 
is not inﬁnitesimally rigid, then we say that (G, p) is isostatic.
Theorem 10. Let (G, p) be a well-positioned bar-joint framework in (X, ‖ · ‖).
(i) If (G, p) is inﬁnitesimally rigid then, |E| ≥ dim(X) |V | − dim T (G, p).
(ii) If (G, p) is isostatic then |E| = dim(X) |V | − dim T (G, p).
(iii) If (G, p) is isostatic and H is a subgraph of G then, |E(H)| ≤ dim(X) |V (H)| −
dim T (H, p).
Proof. (i) In general, the rigidity matrix satisﬁes,
dim kerR(G, p) − dim cokerR(G, p) = dim(X |V |) − dimR|E| = dim(X) |V | − |E|.
Since (G, p) is inﬁnitesimally rigid and well-positioned in (X, ‖ · ‖), dim kerR(G, p) =
dimF(G, p) = dim T (G, p). Thus
|E| − dim cokerR(G, p) = dim(X) |V | − dim T (G, p).
(ii) If (G, p) is isostatic then R(G, p) is row independent and dim kerR(G, p) =
dim T (G, p). Thus,
|E| = rankR(G, p) = dim(X |V |) − dim kerR(G, p) = dim(X) |V | − dim T (G, p).
(iii) If (G, p) is isostatic and H is a subgraph of G then R(H, p) is row independent 
and so,
|E(H)| = rankR(H, p) = dim(X |V (H)|) − dim kerR(H, p)
≤ dim(X)|V (H)| − dim T (H, p). 
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Let (G, p) be a bar-joint framework in X and let ‖ ·‖ be a norm on X. An automorphism
of the graph G is a permutation of the vertices π : V → V such that vw ∈ E if and 
only if π(v)π(w) ∈ E. The set Aut(G) of all automorphisms of G is a subgroup of 
the permutation group on V . An action of a group Γ on G is a group homomorphism 
θ : Γ → Aut(G). The graph G is said to be Γ-symmetric (with respect to θ) if there exists 
such an action. As a notational convenience, if the action θ is clear from the context then 
we will denote θ(γ)(v) by γv for each vertex v and (γv)(γw) by γ(vw) for each edge vw
of G.
Suppose there exists a group representation τ : Γ → GL(X) such that τ(γ) is an 
isometry of (X, ‖ · ‖) for each γ ∈ Γ. The framework (G, p) is said to be Γ-symmetric
(with respect to θ and τ) if
τ(γ)(p(v)) = p(γv), for all γ ∈ Γ and all v ∈ V. (4)
Moreover, we say that γ is a symmetry operation and Γ is a symmetry group of the 
framework (G, p).
3.1. Symmetry adapted Maxwell counts for isostatic frameworks
Let (G, p) be a Γ-symmetric framework with respect to an action θ : Γ → Aut(G) and 
a group representation τ : Γ → GL(X). Deﬁne a pair of permutation representations 
of Γ as follows,
PV : Γ → GL(R|V |), PV (γ)(av)v∈V = (aγ−1v)v∈V ,
PE : Γ → GL(R|E|), PE(γ)(ae)e∈E = (aγ−1e)e∈E .
The trivial representation of Γ on X is denoted by 1. We will require the following tensor 
product representations of Γ on X |V |,
1⊗ PV : Γ → GL(X |V |), (1⊗ PV )(γ)(xv)v∈V = (xγ−1v)v∈V ,
τ ⊗ PV : Γ → GL(X |V |), (τ ⊗ PV )(γ)(xv)v∈V = (τ(γ)(xγ−1v))v∈V .
Recall that given two representations ρ1 : Γ → GL(X) and ρ2 : Γ → GL(Y ) with 
representation spaces X and Y , a linear map T : X → Y is said to be a Γ-linear map of 
ρ1 and ρ2 if T ◦ ρ1(γ) = ρ2(γ) ◦ T for all γ ∈ Γ. The vector space of all Γ-linear maps of 
ρ1 and ρ2 is denoted by HomΓ(ρ1, ρ2).
Proposition 11. Let (G, p) be a well-positioned bar-joint framework in (X, ‖ · ‖). If (G, p)
is Γ-symmetric with respect to θ : Γ → Aut(G) and τ : Γ → GL(X) then,
dfG(p) ∈ HomΓ(τ ⊗ PV , PE).
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ferentiable at p. Let γ ∈ Γ. Then it is readily veriﬁed that fG is diﬀerentiable at 
(1 ⊗ PV )(γ)p = (p(γ−1v))v∈V with diﬀerential,
dfG((1⊗ PV )(γ)p) = PE(γ) ◦ dfG(p) ◦ (1⊗ PV )(γ)−1.
Moreover, since τ(γ) is a linear isometry of X a similar veriﬁcation shows that fG is 
diﬀerentiable at (τ ⊗ PV )(γ)p with diﬀerential,
dfG((τ ⊗ PV )(γ)p) = PE(γ) ◦ dfG(p) ◦ (τ ⊗ PV )(γ)−1.
From Formula (4), τ(γ)(p(v)) = p(γv) for all v ∈ V and so p = (τ(γ)p(γ−1v))v∈V =
(τ ⊗ PV )(γ)p. Thus,
dfG(p) ◦ (τ ⊗ PV )(γ) = dfG((τ ⊗ PV )(γ)p) ◦ (τ ⊗ PV )(γ)
= PE(γ) ◦ dfG(p). 
Recall that if ρ : Γ → GL(X) is a representation of Γ with representation space X
then a subspace Y of X is said to be ρ-invariant if ρ(γ)(Y ) ⊆ Y for all γ ∈ Γ.
Proposition 12. Let (G, p) be a bar-joint framework in (X, ‖ · ‖) which is Γ-symmetric 
with respect to θ and τ . Then T (G, p) is a τ ⊗ PV -invariant subspace of X |V |.
Proof. Let γ ∈ Γ and let u ∈ T (G, p). Then there exists a rigid motion {αx : x ∈ X}
of (X, ‖ · ‖) with u(v) = α′p(v)(0) for all v ∈ V . Now let βx(t) = τ(γ)(ατ(γ)−1x(t)). Since 
τ(γ) is a linear isometry we have,
‖βx(t) − βy(t)‖ = ‖τ(γ)(ατ(γ)−1x(t)) − τ(γ)(ατ(γ)−1y(t))‖
= ‖ατ(γ)−1x(t) − ατ(γ)−1y(t)‖
= ‖τ(γ)−1x − τ(γ)−1y‖
= ‖x − y‖.
Also, since τ(γ)(p(v)) = p(γv) for each v ∈ V we have,
β′p(v)(0) = τ(γ)α′τ(γ)−1p(v)(0) = τ(γ)u(γ−1v).
Hence {βx : x ∈ X} is a rigid motion of (X, ‖ · ‖) which satisﬁes,
(β′p(v)(0))v∈V = (τ ⊗ PV )(γ)u.
We conclude that (τ ⊗ PV )(γ)u ∈ T (G, p) and so T (G, p) is τ ⊗ PV -invariant. 
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T (G, p). Recall that the character of a representation ρ : Γ → GL(X) is the row vector 
χ(ρ) whose i-th component is the trace of ρ(γi), for some ﬁxed ordering γ1, . . . , γ|Γ| of 
the elements of Γ.
Theorem 13. Let (G, p) be a well-positioned bar-joint framework in (X, ‖ · ‖) which is 
Γ-symmetric with respect to θ and τ . If (G, p) is isostatic then,
χ(PE) = χ(τ ⊗ PV ) − χ((τ ⊗ PV )(T )). (5)
Proof. By Maschke’s theorem, T (G, p) has a τ ⊗ PV -invariant complement Q in X |V |. 
We may therefore form the subrepresentation (τ ⊗PV )(Q) of τ ⊗PV with representation 
space Q. Since (G, p) is isostatic, the restriction of the diﬀerential dfG(p) to Q is an 
isomorphism onto R|E|. Moreover, since dfG(p) is Γ-linear with respect to the represen-
tations τ ⊗ PV and PE , this restriction is Γ-linear for the representations (τ ⊗ PV )(Q)
and PE . Hence (τ⊗PV )(Q) and PE are isomorphic representations of Γ. We conclude that,
χ(PE) = χ((τ ⊗ PV )(Q)) = χ(τ ⊗ PV ) − χ((τ ⊗ PV )(T )). 
Let θ : Γ → Aut(G) be a group action on G. A vertex v of G is said to be ﬁxed by 
γ ∈ Γ (with respect to θ) if γv = v. Similarly, an edge e = vw of G is said to be ﬁxed 
by γ ∈ Γ (with respect to θ) if γe = e, i.e., if either γv = v and γw = w, or, γv = w
and γw = v. The sets of vertices and edges of a Γ-symmetric graph G which are ﬁxed 
by γ ∈ Γ are denoted by Vγ and Eγ , respectively.
Corollary 14. Let (G, p) be a well-positioned bar-joint framework in (X, ‖ · ‖) which is 
Γ-symmetric with respect to θ and τ . If (G, p) is isostatic then for each γ ∈ Γ,
|Eγ | = tr(τ(γ)) |Vγ | − tr((τ ⊗ PV )(T )(γ)). (6)
Proof. Note that tr(PV (γ)) = |Vγ | and tr(PE(γ)) = |Eγ | for each γ ∈ Γ. The result now 
follows from Theorem 13 and the fact that tr((τ ⊗ PV )(γ)) = tr(τ(γ)) tr(PV (γ)). 
4. Normed spaces with ﬁnitely many linear isometries
In this section necessary counting conditions are derived for isostatic bar-joint frame-
works in normed spaces which admit only ﬁnitely many linear isometries.
Proposition 15. Let (G, p) be a well-positioned and isostatic bar-joint framework in 
(X, ‖ · ‖) which is Γ-symmetric with respect to θ and τ . If the group of linear isome-
tries of (X, ‖ · ‖) is ﬁnite then,
(i) |E| = dim(X) (|V | − 1), and,
(ii) |Eγ | = tr(τ(γ)) (|Vγ | − 1) for each γ ∈ Γ.
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Character table for the symmetry-extended counting rule in a two-dimensional space.
Id Cn>2 C2 s
χ(PE) |E| |En| |E2| |Es|
χ(τ ⊗ PV ) 2|V | (2 cos 2πn )|Vn| −2|V2| 0
χ((τ ⊗ PV )(T )) 2 2 cos 2πn −2 0
Table 2
Character table for the symmetry-extended counting rule in a three-dimensional space.
Id Cn>2 C2 s i Sn>2
χ(PE) |E| |En| |E2| |Es| |Ei| |ESn |
χ(τ ⊗ PV ) 3|V | (2 cos 2πn + 1)|Vn| −|V2| |Vs| −3|Vi| (2 cos 2πn − 1)|VSn |
χ((τ ⊗ PV )(T )) 3 2 cos 2πn + 1 −1 1 −3 2 cos 2πn − 1
Proof. By [7, Lemma 2.5], T (G, p) consists of translational inﬁnitesimal ﬂexes only, i.e. 
T (G, p) = {(a, . . . , a) ∈ X |V | : a ∈ X}. Thus (τ ⊗ PV )(T )(γ) = (τ ⊗ 1)(γ) for each γ ∈ Γ
and so tr((τ ⊗ PV )(T )(γ)) = tr(τ(γ)). The result now follows from Corollary 14. 
Character Tables 1 and 2 are presented for the representations appearing in For-
mula (5) when X has dimension 2 or 3. The relevant symmetry groups and operations 
for these normed spaces are deﬁned below and are denoted using the standard Schoenﬂies 
notation [1,3,5,14].
4.1. Necessary counting conditions for isostatic frameworks
A symmetry operation s ∈ Γ is called a reﬂection if τ(s) = I − 2P , where P is a 
rank one projection on X, and a symmetry operation i ∈ Γ is called an inversion if 
τ(i) = −I. A symmetry operation Cn ∈ Γ is an n-fold rotation (n ≥ 2) if there exists 
a two-dimensional subspace Y of X with a complementary space Z (which could be 0) 
such that τ(Cn) = S ⊕ IZ , where IZ is the identity operator on Z and S : Y → Y has 
matrix representation 
(
cos(2π/n) − sin(2π/n)
sin(2π/n) cos(2π/n)
)
with respect to some basis for Y . In the 
following, VCn and ECn are denoted respectively by Vn and En.
Corollary 16. Let (G, p) be a well-positioned and isostatic bar-joint framework in (X, ‖ ·‖)
which is Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of 
(X, ‖ · ‖) is ﬁnite.
1. If the symmetry group Γ contains a reﬂection s then the following conditions hold.
(i) |Es| = (dim(X) − 2) (|Vs| − 1).
(ii) If dim(X) = 2 then |Es| = 0.
(iii) If dim(X) ≥ 3 then |Vs| ≥ 1. Moreover, |Vs| = 1 if and only if |Es| = 0.
2. If Γ contains an inversion i then either |Vi| = 0 and |Ei| = dim(X), or, |Vi| = 1 and 
|Ei| = 0.
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(i) |E2| = (dim(X) − 4) (|V2| − 1).
(ii) If dim(X) = 2, then either |V2| = 0 and |E2| = 2, or, |V2| = 1 and |E2| = 0.
(iii) If dim(X) = 3, then either |V2| = 0 and |E2| = 1, or, |V2| = 1 and |E2| = 0.
(iv) If dim(X) = 4, then |E2| = 0.
(v) If dim(X) ≥ 5, then |V2| ≥ 1. Moreover, |V2| = 1 if and only if |E2| = 0.
4. If Γ contains a three-fold rotation C3 then the following statements hold.
(i) |E3| = (dim(X) − 3) (|V3| − 1).
(ii) If dim(X) = 2, then either |V3| = 0 and |E3| = 1, or, |V3| = 1 and |E3| = 0.
(iii) If dim(X) = 3, then |E3| = 0.
(iv) If dim(X) ≥ 4, then |V3| ≥ 1. Moreover, |V3| = 1 if and only if |E3| = 0.
5. If Γ contains a four-fold rotation C4 then the following statements hold.
(i) |E4| = (dim(X) − 2) (|V4| − 1).
(ii) If dim(X) = 2, then |V4| ≤ 1 and |E4| = 0.
(iii) If dim(X) = 3 or dim(X) = 4, then |V4| = 1 and |E4| = 0.
(iv) If dim(X) ≥ 5, then |V4| ≥ 1. Moreover, |V4| = 1 if and only if |E4| = 0.
6. If Γ contains a six-fold rotation C6 then the following statements hold.
(i) |E6| = (dim(X) − 1) (|V6| − 1).
(ii) If dim(X) = 2 or dim(X) = 3, then |V6| = 1 and |E6| = 0.
(iii) If dim(X) ≥ 4 then |V6| ≥ 1. Moreover, |V6| = 1 if and only if |E6| = 0.
7. If Γ contains an n-fold rotation Cn with n = 5, or, n ≥ 7 then |Vn| = 1, and, 
|En| = 0.
Proof. By Proposition 15, |Eγ | = tr(τ(γ)) (|Vγ | − 1) for each symmetry operation γ ∈ Γ. 
To prove 1 − 4 note that τ(s) = I − 2P where P is a rank one projection and so 
tr(τ(s)) = dim(X) −2. Similarly, note that tr(τ(i)) = − dim(X), tr(τ(C2)) = dim(X) −4
and tr(τ(C3)) = dim(X) − 3. The remaining counts are now immediate. To prove 5 note 
that tr(τ(C4)) = dim(X) −2. Thus if dim(X) = 2 then |E4| = 0. Since (C4)2 is a half-turn 
rotation, by 3.(ii), at most one vertex of G is ﬁxed by (C4)2. A vertex which is ﬁxed by 
C4 must also be ﬁxed by (C4)2 and so |V4| ≤ 1. If dim(X) = 3 then by (i), |V4| ≥ 1. 
Suppose v and w are vertices of G which are ﬁxed by C4. Then v and w are also ﬁxed 
by (C4)2. By 3.(iii), there exists at most one vertex of G which is ﬁxed by (C4)2. Thus 
v = w and so |V4| = 1. Also, |E4| = 0 by (i). If dim(X) = 4 and vw is an edge of G which 
is ﬁxed by C4 then vw is also ﬁxed by (C4)2. However, this contradicts 3.(iv), and so no 
edge of G is ﬁxed by C4. Thus |E4| = 0 and, by (i), |V4| = 1. The remaining counts follow 
from (i). The proof of 6 is similar. To prove 7 note that tr(τ(Cn)) = dim(X) −2 cos
( 2π
n
)
and so |En| =
(
dim(X) − 2 cos ( 2πn )) (|Vn| − 1). If n = 5 or n ≥ 7 then 2 cos (2πn ) /∈ Z
and so we must have |Vn| = 1 and |En| = 0. 
Note that if a vertex v is ﬁxed by a symmetry operation γ, then p(v) must lie in the 
kernel of I − τ(γ). If an edge vw is ﬁxed by γ then p(v) − p(w) must lie in the kernel 
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|Vs| = 2, respectively; (c) C2-symmetry (with |V2| = 0 and |E2| = 2); (d) C4-symmetry (with |V4| = 1); 
(e) C2v-symmetry; (f) C4v-symmetry.
of either I − τ(γ) or I + τ(γ). A symmetry group which is generated by a reﬂection s
(respectively, an n-fold rotation Cn) is denoted by Cs (respectively, Cn).
Example 17. Consider a bar-joint framework in R2 which is isostatic with respect to an 
p norm, with 1 ≤ p ≤ ∞ and p = 2. Each non-trivial symmetry operation is either a 
reﬂection s, a half-turn rotation or a four-fold rotation and so the only possible symmetry 
groups are the reﬂectional group Cs, the rotational groups C2 and C4, and the dihedral 
groups C2v and C4v.
4.2. Improper rotations
Suppose dim(X) = 3. A symmetry operation Sn ∈ Γ (n ≥ 3) is called an improper 
rotation by an angle 2πn if it is a composition of an n-fold rotation Cn, where X = Y ⊕Z
and τ(Cn) = S ⊕ IZ , followed by a reﬂection s, where τ(s) = I − 2P and P is the 
projection of X along Y onto Z.
Corollary 18. Let (G, p) be a well-positioned and isostatic bar-joint framework in (X, ‖ ·‖)
which is Γ-symmetric with respect to θ and τ . Suppose dim(X) = 3 and the group of 
linear isometries of (X, ‖ · ‖) is ﬁnite. If Γ contains an improper rotation Sn then the 
following statements hold.
(i) |ESn | =
(
2 cos
(2π
n
)− 1) (|VSn | − 1).
(ii) If n = 3, n = 5, or n ≥ 7, then |VSn | = 1, and, |ESn | = 0.
(iii) If n = 4, then either |VS4 | = 0 and |ES4 | = 1, or, |VS4 | = 1 and |ES4 | = 0.
(iv) If n = 6, then |ES6 | = 0.
Proof. Note that τ(Sn) = (I − 2P )(S ⊕ IZ) = S ⊕ (−IZ) and so τ(Sn) has trace 
2 cos
( 2π
n
) − 1. Part (i) now follows from Proposition 15. If n = 3 then (i) implies that 
either |VS3 | = 0 and |ES3 | = 2 or |VS3 | = 1 and |ES3 | = 0. However, (S3)2 is a three-fold 
rotation and so, by Corollary 16, we must have |E(S3)2 | = 0. It follows that |VS3 | = 1
and |ES3 | = 0. The remaining parts follow from (i). 
The following 3-dimensional framework is isostatic for a given polyhedral norm and 
has symmetry group C3h generated by a reﬂection s and a 3-fold rotation C3.
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polyhedral norm with unit ball P a hexagonal prism. The induced framework colours (see [6]) are indicated 
in the left and centre.
Example 19. Let G be the graph illustrated on the right hand side in Fig. 2. Deﬁne a 
bar-joint framework (G, p) in R3 by placing p(o) at the origin, p(v1) = (−1/4, −1, 1/4), 
and p(v′1) = (−1/4, −1, 3/2). The placements for all other vertices are generated by tak-
ing the orbits of p(v1) and p(v′1) under three-fold rotation about the z-axis and reﬂection 
in the xy-plane. The resulting framework has symmetry group C3h. Consider the poly-
hedral norm ‖ · ‖P on R3 with unit ball a hexagonal prism P determined by the extreme 
points (cos(π(k − 1)/3), sin(π(k − 1)/3), 1) and (cos(π(k − 1)/3), sin(π(k − 1)/3), −1), 
for k = 1, 2, . . . , 6. Note that G satisﬁes the necessary counting conditions for a 
C3h-symmetric isostatic framework, |E| = 3|V | − 3, |Vs| = |V3| = |VS3 | = 1 and 
|Es| = |E3| = |ES3 | = 0. It can be veriﬁed from the rank of the rigidity matrix (or 
from the induced framework colours [6]) that (G, p) is indeed isostatic with respect to 
this norm.
5. Suﬃcient conditions for isostatic realisations
In the previous sections, we have established necessary conditions for symmetric and 
non-symmetric bar-joint frameworks to be isostatic in general normed linear spaces. 
We now start to investigate whether these necessary conditions, together with the corre-
sponding conditions on all subgraphs, are also suﬃcient for the framework to be isostatic. 
We need the following deﬁnition.
Deﬁnition 20. A graph G = (V, E) is called (2, )-tight, for  ∈ {2, 3}, if |E| = 2|V | − 
and |E′| ≤ 2|V ′| −  for all subgraphs G′ = (V ′, E′) of G with at least two vertices.
For the Euclidean plane, isostatic generic bar-joint frameworks were characterised 
combinatorially by Laman’s landmark result from 1970 [8], which says that a generic bar-
joint framework (G, p) in (R2, ‖ · ‖2) is isostatic if and only if the graph G is (2, 3)-tight 
(see also [18], for example). The analogous questions for Euclidean bar-joint frameworks 
in dimensions d ≥ 3 remain long-standing open problems in discrete geometry (see [20], 
for example). In [14,15] symmetry-adapted versions of Laman’s theorem were established 
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ever, remain open as well. For the non-Euclidean norms ‖ · ‖q, 1 ≤ q ≤ ∞, q = 2, and 
for the polyhedral norms, analogues of Laman’s theorem have recently been established 
in [7] and [6]. Speciﬁcally, it was shown in [7] that a well-positioned regular bar-joint 
framework (G, p) in (R2, ‖ · ‖q), 1 ≤ q ≤ ∞, q = 2, is isostatic if and only if the graph G
is (2, 2)-tight. Moreover, it was shown in [6] that if ‖ · ‖P is any polyhedral norm on R2, 
then there exists a well-positioned isostatic bar-joint framework (G, p) in (R2, ‖ · ‖P) if 
and only if the graph G is (2, 2)-tight. Symmetric analogues of these results have not yet 
been established. However, in the following we will oﬀer some observations and conjec-
tures for all possible symmetry groups for the polyhedral norms on R2, where the unit 
ball is a quadrilateral.
As far as higher-dimensional spaces are concerned, it should be pointed out that for 
some non-Euclidean normed spaces, the problem of ﬁnding a combinatorial characteri-
sation of (non-symmetric) isostatic bar-joint frameworks in dimension d ≥ 3 might be 
slightly more accessible than its Euclidean counterpart, because in cases where rota-
tions are no longer isometries, complexities such as the double-banana graph [20] may 
no longer occur. It follows from Theorem 10 that for a well-positioned Γ-symmetric bar-
joint framework (G, p) in a space of the form (R2, ‖ · ‖P), where P is a polyhedron, 
to be isostatic, G must be (2, 2)-tight. Moreover, G must satisfy the conditions in Sec-
tion 4. However, if the unit ball P is a quadrilateral, then we can easily establish some 
further necessary conditions for isostaticity. We begin by considering frameworks with 
reﬂectional or half-turn symmetry. We ﬁrst need the following deﬁnition.
Deﬁnition 21. Let (G, p) be a bar-joint framework which is Γ-symmetric in (R2, ‖ · ‖P)
(with respect to θ and τ) and where the unit ball P is a quadrilateral. A symmetry 
operation γ ∈ Γ preserves the facets of P if τ(γ)F ∈ {F, −F} for each facet F of P. 
Otherwise, we say that γ swaps the facets of P.
Proposition 22. Let ‖ · ‖P be a polyhedral norm on R2 for which the unit ball P is a 
quadrilateral. Let (G, p) be a well-positioned isostatic framework which is Γ-symmetric 
with respect to θ : Γ → Aut(G) and τ : Γ → GL(R2). Then G is (2, 2)-tight, and the 
following conditions hold:
(i) For Γ = Cs: If s preserves the facets of P then |Vs| = 1, |Es| = 0, the degree of the 
ﬁxed vertex v0 is at least 4, and every Cs-symmetric (2, 2)-tight subgraph H of G
contains v0.
(ii) For Γ = C2: there does not exist a C2-symmetric (2, 2)-tight subgraph H of G which 
has no vertices or edges ﬁxed by C2, and either |V2| = 1, |E2| = 0, and the degree of 
the ﬁxed vertex is at least 4, or |V2| = 0 and |E2| = 2.
We leave the straightforward proof of Proposition 22 to the reader.
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(c) A Cs-symmetric isostatic framework in (R2, ‖ · ‖∞).
Conjecture 23. The conditions in Proposition 22 are also suﬃcient for the existence of 
a well-positioned isostatic framework (G, p) in (R2, ‖ · ‖P) which is Γ-symmetric with 
respect to θ and τ .
A natural approach to prove this conjecture is via an inductive construction scheme 
similar to the ones used in [14,15] for Euclidean symmetric frameworks. However, 
this would require some new symmetry-adapted Henneberg-type graph operations on 
(2, 2)-tight graphs with a Z2-action, and for each of these operations, one would have to 
show that it preserves isostaticity by choosing appropriate geometric placements for the 
new vertices. A particular diﬃculty is to avoid the appearance of (2, 2)-tight subgraphs 
with a free Z2-action (see Figs. 3 (a), (b), for example) when performing the symmetric 
graph operations.
Conjecture 24. Let ‖ · ‖P be a polyhedral norm on R2 for which the unit ball P is a 
quadrilateral. Let G be a ﬁnite simple graph, let θ : Cs → Aut(G) be an action of Cs, 
and τ : Cs → GL(R2) be a faithful group representation so that s swaps the facets of P. 
Then there exists p such that (G, p) is well-positioned and isostatic in (R2, ‖ · ‖P) and 
Cs-symmetric with respect to θ and τ if and only if G is (2, 2)-tight and |Es| = 0.
Clearly, if (G, p) is a well-positioned, isostatic and C2-symmetric framework in 
(R2, ‖ · ‖P), then G is (2, 2)-tight and |Es| = 0 (recall Corollary 16). The converse, 
however, remains open. Note that, as opposed to the case where s preserves the facets 
of P, there is no restriction on the number of vertices of G that are ﬁxed by the reﬂec-
tion (recall Fig. 1 (b), for example). Moreover, (G, p) could possibly have a Cs-symmetric 
(2, 2)-tight subgraph H which has no vertices or edges ﬁxed by s in this case, as the ex-
ample in Fig. 3 (c) illustrates. For the remaining symmetry groups in dimension 2 which 
are possible for a quadrilateral unit ball P, i.e., for the groups C4, C2v and C4v, we propose 
the following conjecture:
Conjecture 25. Let ‖ · ‖P be a polyhedral norm on R2 for which the unit ball P is a 
quadrilateral. Let G be a ﬁnite simple graph, Γ be a group, θ : Γ → Aut(G) be an 
action of Γ, and τ : Γ → GL(R2) be a faithful group representation. The following are 
equivalent:
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subgraph which has no vertices or edges ﬁxed by the reﬂection (corresponding to the vertical mirror line) 
(a) and the half-turn (b), respectively. Based on these examples it is easy to construct non-isostatic frame-
works for the groups C4 and C4v.
(A) There exists p such that (G, p) is well-positioned and isostatic in (R2, ‖ · ‖P) and 
Γ-symmetric with respect to θ and τ .
(B) (i) For Γ = C4 = 〈r〉: G is (2, 2)-tight, there does not exist an 〈r2〉-symmetric 
(2, 2)-tight subgraph H of G which has no vertices or edges ﬁxed by r2, and 
either |Vr2 | = 1, |Er2 | = 0, or |Vr2 | = 0 and |Er2 | = 2.
(ii) For Γ = C2v = 〈s, r〉, where s is a reﬂection which preserves the facets of P, 
and r is the half-turn: G is (2, 2)-tight, for every non-trivial element γ ∈ Γ, 
there does not exist a 〈γ〉-symmetric (2, 2)-tight subgraph H of G which has no 
vertices or edges ﬁxed by γ, |Vγ| = 1 and |Eγ | = 0.
(iii) For Γ = C2v = 〈s, r〉, where s is a reﬂection which swaps the facets of P, 
and r is the half-turn: G is (2, 2)-tight, there does not exist an 〈r〉-symmetric 
(2, 2)-tight subgraph H of G which has no vertices or edges ﬁxed by r, |Es| =
|Er·s| = 0, and either |Vr| = 1, |Er| = 0, or |Vr| = 0 and |Er| = 2.
(iv) For Γ = C4v = 〈s, r〉, where s is a reﬂection which preserves the facets of P, 
and r is a 4-fold rotation: G is (2, 2)-tight, for γ ∈ {s, r2, r2 · s}, there does 
not exist a 〈γ〉-symmetric (2, 2)-tight subgraph H of G which has no vertices 
or edges ﬁxed by γ, |Es| = |Er2·s| = 0, and either |Vr2 | = 1, |Er2 | = 0, or 
|Vr2 | = 0 and |Er2 | = 2.
As before, using the results of Sections 2 and 4, it is easy to see that (A) implies (B). 
In particular, as shown in Fig. 4, it is easy to construct non-isostatic frameworks which 
satisfy all the conditions in Conjecture 25, except for the condition on the existence of a 
symmetric (2, 2)-tight subgraph which has no vertices or edges ﬁxed by a reﬂection or a 
half-turn. All the converse directions of Conjecture 25, however, remain open.
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